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1. Let R2 be equipped with its standard Euclidean metric. Prove that the
map c : [0,∞)→ R2 given in polar coordinates by

γ(t) = (t, log(1 + t))

is a quasi-geodesic.

2. Compute the minimal δ such that the hyperbolic plane H2 is δ-hyperbolic.

3. Let X be a geodesic, δ-hyperbolic metric space, let γ : R → X be a
geodesic line, let x ∈ X be a point, and let y, y′ be points in im(γ) that
minimize the distance to x.

(a) Give an example to show that y and y′ need not be equal.

(b) Prove that d(y, y′) ≤ 4δ.

4. LetX be a geodesic, δ-hyperbolic metric space, and let γ be an isometry
of X. Suppose that two geodesic lines λ1, λ2 : R → X are preserved
by γ, and that γ acts on each of λ1 and λ2 as a non-zero translation.
Show from first principles that the Hausdorff distance between im(λ1)
and im(λ2) is at most 2δ.

5. Let X be a geodesic metric space and consider a geodesic triangle
∆(p, q, r) = [p, q] ∪ [q, r] ∪ [r, p] in X.

(a) Let T∆ be the unique (up to isometry) tripod (i.e. a metric space
homeomorphic to the letter ‘Y’) with side lengths equal to the
side lengths of ∆. Show that there is a unique map η : ∆ → T∆

that restricts to an isometry on each edge.
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(b) A triangle is called δ-thin if, for every t ∈ T∆, the diameter of the
preimage η−1(t) is at most δ. Prove that X is hyperbolic if and
only if every geodesic triangle is δ-thin.

6. Let F2 be the free group of rank 2 and let γ be an element. Consider
the amalgamated free product Γ = F2 ∗〈w〉 F2.

(a) Suppose that γ = βn for some β ∈ F2 and some n > 1. Show
that the subgroup 〈γ, β′β−1〉 (where β′ is the copy of β in the
other copy of F2) is free abelian of rank two. Deduce that Γ is not
hyperbolic.

(b) Suppose that γ is not a proper power (i.e. γ 6= βn for n > 1). Write
down a Dehn presentation for Γ, and deduce that Γ is hyperbolic.

7. Let Σ be the closed, orientable surface of genus two. Prove in two
different ways that π1Σ is hyperbolic.

8. Let F be a non-abelian, finitely generated free group.

(a) Prove that every finitely generated subgroup of F is quasiconvex.

(b) Exhibit a non-quasiconvex subgroup of F .

9. Let Γ be a hyperbolic group. Prove that the conjugacy problem is
solvable in Γ.

10. Consider a geodesic, δ-hyperbolic metric space X. Let D be the set
of all geodesic rays r : [0,∞) → X. Define an equivalence relation on
D by r1 ∼ r2 if and only if d(r1(t), r2(t)) is bounded. The Gromov
boundary ∂∞X is defined to be the quotient D/ ∼.

(a) For X the hyperbolic plane H2, show that ∂∞X can be naturally
identified with the usual circle at infinity of H2.

(b) For X the usual Cayley graph of the free group F2, show that ∂∞X
can be naturally identified with the Cantor set 4 × 3N, where 3
and 4 are the discrete sets with 3 and 4 elements respectively.

(c) Show that a quasi-isometry f : X → Y induces a well defined
map ∂∞X → ∂∞Y .
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